The study of maximal-primary irreducible ideals in a commutative graded connected Noetherian algebra over a field is in principle equivalent to the study of the corresponding quotient algebras. Such algebras are Poincaré duality algebras. A prototype for such an algebra is the cohomology with field coefficients of a closed oriented manifold. Topological constructions on closed manifolds often lead to algebraic constructions on Poincaré duality algebras and therefore also on maximal-primary irreducible ideals. It is the purpose of this note to examine several of these and develop some of their basic properties.
with it as presented for example in [16] Section VI.1 (see also [14] ). We also make use of basic facts concerning irreducible ideals as found in [16] Parts I and II. In Section 6 we examine a homogenization process for inverse forms motivated by the idea of splitting a trivial bundle off a vector bundle. It leads, for a given inverse form, to further inverse forms defining interesting families of maximal primary irreducible ideals in polynomial algebras.
Before going further a few words on notations, terminology and background. In the sequel F denotes a field and X a formal variable of degree one unless noted otherwise. If V is a finite dimensional vector space over F we denote by . . , z n , X ]. We will have occasion to refer to the graded maximal ideal in many different algebras, such as for example F[z 1 , . . . , z n ], which usually 4 would be denoted by F[z 1 , . . . , z n ]; this is both long and ugly. We therefore agree that, if the algebra under discussion is clear from context, then m denotes its maximal ideal. Notations unexplained here are to be found in [16, 24] , or [34] . We often abbreviate the phrase maximal primary to m-primary. A graded algebra generated by its homogeneous component of degree one is called standard graded. The vector space dimension of the homogeneous component of degree one is called the rank of the algebra. Standard graded Poincaré duality algebras occur in classical invariant theory as algebras of coinvariants. One of the results of R. Steinberg in [39] is that the algebra of coinvariants C[V ] G of a representation ρ : G ↩→ GL(n, C), V = C n , of a finite group G over the complex field C is a Poincaré duality algebra if and only if ρ(G) < GL(n, C) is a reflection group. If the order |G| of G is invertible in F, the nonmodular case, then Steinberg's Theorem holds for finite groups over F (see [12] for the case of finite fields and [6] for the general case). However, over a field F of nonzero characteristic the ring of coinvariants F[V ] G of a representation ρ : G ↩→ GL(n, F) of a finite group may well be a Poincaré duality algebra though G contains no reflections at all (see e.g., [7, 28] ).
Rings of invariants over a Galois field F q with q = p ν elements support an unexpected structure derived from the Frobenius homomorphism: The operation of raising linear forms in F q [V ] to the q-th power preserves invariants. This operation can be used to define the Steenrod algebra of the Galois field (see e.g., [29] ), which is denoted 5 by P * and ever since [2, 3] has played an important role in modular invariant theory. 6 The Steenrod algebra as such has its origins in algebraic topology (see e.g., [41] ) where it was first used to impose strong restrictions on the algebras that can occur as the cohomology algebra of a space (see e.g., [40] ). The existence of an unstable Steenrod algebra action on an algebra over a Galois field is a necessary condition for the algebra to be the cohomology algebra of a space. The unstability conditions, viz., if P i ∈ P * is the i-th reduced Steenrod power operation then
express both a triviality condition, viz., P i (u) = 0 for all i > deg(u), and, a nontriviality condition, viz., P deg(u) (u) = u q . It is the interplay of these two requirements that seems to endow the unstability condition with the power to yield unexpected consequences.
In contrast to the nonmodular case, in the modular case, it is not known how to characterize the representations whose rings of invariants are a polynomial algebra, 7 and hence whose coinvariant algebra would be a complete intersection, i.e., generated by a regular sequence, 8 nor is it known which Poincaré duality quotient algebras of F[V ] can occur as coinvariant algebras, or if such a Poincaré duality quotient algebra would have to be a complete intersection. A necessary condition for a standard graded Artinian algebra over the Galois field F q to be a coinvariant algebra is that it be an unstable algebra over the Steenrod algebra; again put in terms of ideals, that the Hilbert ideal be closed under the natural action of the Steenrod algebra on F q [V ] . Ideals in F q [V ] closed under the action of the Steenrod algebra have been extensively studied, beginning perhaps with [22] , where, though disguised, this closure property plays an essential part in the proof of central results (see also [25, 19] , and the references they contain). As of this writing a satisfactory generalization of Steinberg's Theorem to fields of nonzero characteristic is missing in the literature, references [12, 6, 26, 27, 30] contain partial results, and this open problem was one of our motivations for concentrating on the case of standard graded algebras 9 since a standard graded polynomial algebra F q [V ] admits a unique unstable Steenrod algebra action.
In addition to the classical topological treatment in [41] , we note there is a purely algebraic introduction to the Steenrod algebra using the Frobenius homomorphism, as indicated above in [24] Chapter 11 or [29] . Here Steenrod operations are regarded as a means of encoding information hidden in the Frobenius map. The proofs in [24, 29] are careful algebraic reworkings of [5, 17] . For an approach to Steenrod operations using differential operators, see [45] . Last, but not least, 4 At least in topological circles. 5 For historical reasons the notation is A * in the special case that q = 2.
6 In [8] O.E. Glenn anticipated this development in part, but in other language (see also [45] ). 7 The groups involved must at least be reflection groups, see e.g., [23] . 8 In [16] such ideals are called regular ideals.
Steenrod operations are also closely related to Hasse-Schmidt higher order derivations [9] and the work of O.Ore on noncommutative polynomial algebras [20] . There is a wide literature on the Steenrod algebra and its applications in topology and invariant theory; see e.g., [46] and the references therein.
For standard graded Poincaré duality algebras of the same formal dimension there is an operation called the connected sum which turns the set of isomorphism classes of such algebras into a semigroup. In [34] (see also [33] for some invariant theory arising from this) we determined all surface algebras (i.e., standard graded Poincaré duality algebras of formal dimension two) over F 2 by, amongst other things, computing the Grothendieck group of isomorphism classes of standard graded surface algebras under the operation of connected sum. The semigroup is finitely generated and its structure mirrors faithfully the topological classification of closed surfaces. Namely it is generated by the F 2 -cohomology T of the torus S By contrast, for Poincaré duality algebras of formal dimension strictly greater than two, the Grothendieck group fails to be finitely generated (see e.g., [34] and Section 4 below). This manuscript grew in part out of the search for constructions to provide generators for the Grothendieck group of standard graded threefolds. 10 We show in Section 4 that Poincaré 
Projective bundle ideals
If M is a closed smooth manifold and ξ ↓ M is a smooth k + 1-dimensional vector bundle over M, then one may form the corresponding projective bundle with fibres the projective space of dimension k. The projective bundle theorem (see e.g. [42] page 62) provides a relation between the cohomology of the manifold M and the total space P(ξ ↓ M) of the corresponding projective bundle. It serves as the basis of the following definition.
Definition. Let
J-module with respect to the module structure defined by the canonical inclusion
where the rows are coexact 11 and the vertical maps the natural projections. Therefore the unknown cokernel ? must be of
) the fibre algebra. This is because the coexact sequence
is an analog of the coexact sequence of cohomology algebras
associated to a complex vector bundle ξ ↓ B of dimension k + 1 over the base space B, where P(ξ ↓ B) is the associated projective space bundle (see e.g. [42] page 62).
10 A threefold is a Poincaré duality algebra of formal dimension 3.
The category of commutative graded connected algebras over a field has categorical images and cokernels: The image of a map f : A ′ −→ A ′′ being the monomorphism ι f : f (A ′ ) ↩→ A ′′ and the cokernel the epimorphism
is coexact is equivalent to requiring that the natural map of the categorical cokernel of f ′ to the categorical image of f ′′ is an isomorphism. This is the categorical concept dual to exact. 
We call this the bundle relation. Its coefficients are algebraic analogs of characteristic classes (see e.g., [42] ). If we choose h 1 , . . . ,
belongs to I. This follows directly from the bundle relation. We call h(X ) a homogenizing form or polynomial for I. 
Then the kernel of the natural map
is the principal ideal generated by
Proof. We begin by assembling some obvious facts.
(1) α(X) ∈ ker (ϕ).
[X ] of degree k + 1 in X belonging to the kernel of ϕ is a scalar multiple of α(X).
Hence we may use induction on the degree in X of an element
is a polynomial of degree m in X and moreover f (X) − f m · α(X) · X m−(k+1) belongs to the kernel of ϕ and has degree in X strictly less than m, so by the induction hypothesis is also in (α(X)) and the result follows.
is the base ideal, and
and note that the kernel of the natural map ϕ :
. The result then follows from Lemma 1.2.
The topological model for the following elementary example is a 2-plane bundle ξ ↓ RP(n−1) with total Stiefel-Whitney 
denotes the connected sum operation of Poincaré duality algebras introduced in Section I.5 of [16] . The precise definition of # is also at the beginning of Section 4 of this manuscript.
One way to see this is to consider the isomorphism ϕ of F 2 [z, X ] with F 2 [x, y] induced by sending z to x + y and X to y. 
is a Thom class. 12 The latter certainly is the case if one can choose h(X ) to be a product of linear forms in
(see e.g., [1] 
Projective bundle ideals with an irreducible base ideal
We are particularly interested in projective bundle ideals which are irreducible. The next pair of results show that the assumption a projective bundle ideal is irreducible is equivalent to assuming that its base ideal is irreducible. For related results see [35] .
Definition. The Poincaré series of a graded vector space X whose homogeneous components X i for i ∈ N 0 are finite dimensional (such an X is said to be of finite type) is the formal series P(
. The terminology Hilbert series or Hilbert function of X is also in common use for P(X , t). If X i = 0 for i large then the Poincaré series is in fact a polynomial which we call the Poincaré polynomial 13 of X and is sometimes specified by writing out the coefficients 
It has degree d. We will show that uX k serves as a fundamental class
showing that uX k serves as a fundamental class for F[V , X ]  I and completing the proof.
Lemma 2.2. If I ⊂ F[V , X ] is an irreducible projective bundle ideal with a base ideal J
The Poincaré polynomials of the terms of the fundamental coexact sequence are related by the formula
12 One says that an element a ∈ A of unstable algebra A over the Steenrod algebra P * is a Thom class if and only if the principal ideal it generates is closed under the action of the Steenrod algebra. 13 The term Hilbert polynomial is not used since it has yet another meaning.
Proof. Let k+1 be the bundle dimension of I. Consider the fundamental coexact sequence
So for the Poincaré polynomials of the terms of the fundamental coexact sequence one has the product formula
From this it follows that P
J is a Poincaré duality algebra with fundamental class u.
To this end suppose that
By homogeneity 
Proof. Combine Lemmas 2.1 and 2.2.
Choose a basis z 1 , . . . , z n for V and let
n ] denote the algebra of inverse polynomials (see [16] Section VI.1). Introduce as in [16] Part VI Section 1. the notation ∩ for the action of a polynomial algebra on its companion algebra of inverse polynomials.
irreducible. So both I, respectively J, have Macaulay inverses
In the theorem that follows we show that θ I arises from θ J by means of a homogenization process. We first require a lemma. 
and are well defined modulo the bundle ideal J, such that
14 This action is often referred to as the contraction pairing by analogy with the terminology of classical tensor calculus. 
it belongs to the principal ideal generated by h(X ) and the result follows. 
n ] is a Macaulay inverse for J, then (using ∩ to denote the action of polynomials on inverse polynomials)
is a Macaulay inverse for I.
Proof. We have the inclusion of ideals
is a tensor product of Poincaré duality algebras (see e.g. [16] Lemma I.1.3) and hence a Poincaré duality algebra in its own right. Moreover, this tensor product splitting shows that the Macaulay inverse for the ideal (J,
]. We next apply the K ⊂ L paradigm (see [16] Theorem II.5.1) to the pair of ideals (J, X k+d+1 ) ⊆ I. To do so we require a transition element for I over (J, X k+d+1 ) (see [10] and [16] Part I for basic facts about transition elements). To this end note that by standard properties of the (-: -) construction one has
by the definition of h(X ). So h(x) serves as a transition element for I over (J, X k+d+1 ) and applying [16] Theorem II.5.1 yields the desired conclusion. 
] is a Macaulay inverse for the ideal I = (z n ) ⊂ F[z] defining the base algebra. As a consequence of Theorem 2.5 the bundle ideal (z n , X 2 − zX ) is therefore defined by the inverse
If we replace z by y and X by x then this inverse form becomes
and is in the same GL(2, F)-orbit as the inverse form
−n is the Macaulay inverse for the ideal (xy, x n − y n ). To verify this, one first writes down the catalecticant matrix (see [16] Section VI.2) cat θ (1, n − 1) from which one sees that xy, x n − y n ∈ I(θ ). Then one notes that the induced map
has degree one, since both these Poincaré duality algebras have x n as a fundamental class. Finally one applies [16] Proof. One notes that homogeneity requires that the coefficients of α(X) apart from the coefficient of X m belong to the augmentation ideal of A. 
is the formal dimension (or socle degree) of the Poincaré duality quotient
so the inhomogeneous element 1 + h 1 + · · · + h k + h k+1 has a formal inverse in the ungraded algebra 17 Tot
Introduce the polynomial
Then shows that
This leads to the following result.
Lemma 3.3. With the notations preceding one has
Proof. The first statement follows from Lemma 3.1. Pass down to the quotient algebra
, then the second statement becomes equivalent to showing that Ann B (h(X)) = (h(X)). The Eq.
shows that (h(X)) ⊆ Ann B (h(X)), so it remains to prove the reverse inclusion.
) and this element has degree at most d − 1 in X . By what was just shown this means f (X) − f 0 h(X ) is identically zero, so f (X) = f 0 h(X ) and f (X) belongs to the principal ideal generated by h(X ). Hence we may proceed inductively and assume that for allm < m, iff (X) ∈ B has degreem in X and annihilates h(X ) thenf (X) ∈ ((h(X)). If f (X) ∈ Ann B (h(X)) has degree m in X , then writing f (X) as above one sees that f (X) − f 0 h(X ) has degree at most m − 1 in X and it too annihilates h(X ). By the inductive assumption, f (X) − f 0 h(X ) belongs to (h(X)) and, hence, so does f (X), completing the inductive step. 
To see this one notes that
is a Poincaré duality algebra by [16] Proposition I.1.5 and then applies [16] Lemma I.1.3 to conclude that (J,
, so I is irreducible by [16] Theorem I.2.1. Alternatively, as pointed out by the referee, since J is irreducible 
Remark. In the situation of Lemma 3.3 one has shown in the quotient algebra
or what is the same thing, that
Ann B (h(X)) = (h(X)). The algebra B is Noetherian and (0) ⊂ B is an irreducible ideal since B is a Poincaré duality algebra. Therefore by Emmy Noether's Involution Theorem (see [16] Section I.1.2) one also has (0 :
which can be rephrased as Ann B (h(X)) = (h(X)). Thus in the algebra B the images of h(X ) and h(X ) are mutual annihilators of each other. So by [16] Corollary I.2.3 one has the following conclusions.
, then by Theorem 3.4 the relation of Lemma 3.3 would also hold with the roles of h(X ) and h(X ) switched, viz.,
This would give us another projective bundle ideal (J,
This is an algebraic analog of the Spanier-Whitehead duality (see e.g., [36] and [37] Chapter 8 Exercise F). It is also possible to reformulate the preceding discussion in terms of the Macaulay inverse θ J of the ideal J. Here is how this works.
Corollary 3.5. Let J ⊂ F[V ] be an m-primary irreducible ideal with Macaulay inverse
θ J ∈ F[z −1 1 , . . . , z −1 n ] of degree −d, so d = f -dim(F[V ]  J). If h(X ) ∈ F[V , X ] is a monic polynomial in X of strictly positive degree k + 1 choose a polynomial h(X ) ∈ F[V , X ] of degree d in X such that h(X ) · h(X ) = X k+d+1 ∈  F[V ]  J  [X
] (see the discussion preceding Lemma 3.3). Then writing ∩ for the action of polynomials on inverse polynomials the inverse form
which is a projective bundle ideal with bundle dimension k + 1 and base ideal J. The formal dimension of the corresponding Poincaré duality quotient
Proof. This follows from Theorems 3.4 and 2.5.
Connected sums of Poincaré duality algebras
Recall that for two Poincaré duality algebras H ′ and H ′′ of the same formal dimension their connected sum, denoted by H ′ #H ′′ , is defined in the following way: The homogeneous components of the graded vector space ′′ , otherwise one says that H is #-indecomposable. The #-indecomposables are generators for the Grothendieck group of the monoid of isomorphism classes of Poincaré duality algebras of a given formal dimension under the connected sum operation. The Grothendieck group of standard graded Poincaré duality algebras of formal dimension d is of interest as a means of classification since every standard graded Poincaré duality algebra can be written in an essentially unique way as a connected sum of #-indecomposable Poincaré duality algebras (see [34] Proposition 3.1).
Let us make use of these ideas together with Theorem 2.5, Corollary 3.5, and the results of [34] 
 J is then the F 2 -cohomology of the closed surface
The 2-plane bundles over M have only a first and second Stiefel-Whitney class, which algebraically means the homogenizing form for I is monic, homogeneous, and quadratic in X viz., 
The base ideal J is generated by all the previous forms except for X 2 + w 1 · X + w 2 which is the homogenizing form for I over J. The corresponding Poincaré duality quotient algebra
which is the F 2 -cohomology of the projective space bundle of a 2-plane bundle ξ over the closed surface 
+Z
3 . Any integer s ∈ N can be written in at least one way as 2t +r for t, r ∈ N, so it follows that any monic, palindromic, cubic occurs as the Poincaré polynomial of an m-primary irreducible projective bundle ideal I It seems very difficult to write down a minimal generating set for the Grothendieck group of standard graded Poincaré duality algebras of formal dimension d > 2. There are simply too many #-indecomposables to account for, as is implied by the following discussion, for which we need to introduce another concept borrowed from topology.
Let A be a commutative graded algebra over a field and S ⊂ A a graded subset. The ×-length 18 of S is the smallest integer c S such that the product of any c S + 1 elements of S is zero in A if such an integer c S exists, otherwise we say the ×-length of S is infinite. 
Proposition 4.2. Let H be a standard graded Poincaré duality algebra of formal dimension d. Suppose there is a codimension one subspace V ⊂ H 1 of ×-length strictly less than d. Then, either (i) H is indecomposable with respect to the connected sum operation #, or (ii) H has rank two and H
∼ = F[x, y]  (xy, x d − y d ) =  F[x](x d+1 )  #  F[y]  (y d+1 )  .
Proof. Suppose that
On the other hand we have the inequality
whence we conclude that 
18 An algebraic topologist would probably call this the ∪-length (pronounced cup length). In topology ∪-length provides a lower bound for the category of a topological space, i.e., the number of contractible subsets needed to cover a space.
Retaining these notations we next choose a basis v 1 , . . . , v r ′ −1 for V ∩ H 
Consider a product
has ×-length at most d < m = d + k and the result follows from Proposition 4.2.
We close this section with a result generously offered by the referee, showing that the generic Poincaré duality algebra of formal dimension d ≥ 3 and rank r ≥ 4 over an infinite field is #-indecomposable. 
The Poincaré duality algebra dual to an element
The motivation for the constructions in this section come to us from topology. If λ ↓ M is a line bundle over a closed smooth manifold with first Stiefel-Whitney class w 1 then a manifold dual to λ or to w 1 is obtained as follows: Choose a classifying map f λ : M −→ RP(ℓ) for some large integer ℓ which is transverse regular to RP(ℓ − 1). The manifold N which is the preimage f −1 λ (RP(ℓ − 1)) is said to be dual to λ or to w 1 . It can be thought of as the set of zeros of a generic section to λ. The normal bundle of N in M is λ. This is the process of dualizing a line bundle referred to in the introduction.
Algebraically, this corresponds to the following simple construction. Let H be a Poincaré duality algebra and 0 ̸ = u ∈ H. Then the trivial ideal (0) ⊂ H is irreducible, so the Noether Involution Theorem tells us that Ann H (Ann H (u)) = u for any nonzero element u ∈ H and that an ideal J ⊂ H is irreducible if and only if Ann H (J) is a principal ideal. Hence Ann(u) ⊂ H is an irreducible ideal. The algebra H

Ann H (u) is a Poincaré duality algebra of formal dimension f -dim(H) − deg(u) (see e.g., [16] Corollaries I.2.2-I.2.4) which we call the dual of u in H. This type of construction is well known to commutative algebraists (see e.g., [44] ), as was pointed out to us by the referee. Dualizing a line bundle corresponds to the special case where u has degree one. Despite being simple, the dualizing construction can have surprising consequences. Again, we illustrate this with some unusual examples. We choose F 2 as the ground field in these examples to simplify the arithmetic. 
, where α 1 , . . . , α k are determined by the equation
after equating coefficients of powers of x. In the case that t = c − 1, this tells us that the ideal I(θ s y c−1 ) is generated by the two forms x s+1 and (x + y) c . Next, note that I = (e 1 , . . . , e n ) in F 2 [z 1 , . . . , z n ] generated by the elementary symmetric polynomials e 1 , . . . , e n . The Macaulay inverse for this ideal is
Example 2. Consider the ideal
, see [11] Section 4 Example 2. By Sharp's Theorem (cf [16] Theorem II.6.5) the Frobenius square I [2] is m-primary, irreducible, and by [16] Theorem II.6.6 has as Macaulay inverse of the form z
then Proposition 6.1 tells us that
is the Macaulay dual for the ideal of F 2 [z 1 , . . . , z n ] which is the kernel of the natural epimorphism of
= (e : z 1 · · · z n ). Since z 1 · · · z n divides e n it follows from [31] Lemma 2.1 that (I [2] : Example 3. There is a variation of the preceding example that arises because the algebra F 2 [z 1 , . . . , z n ]  (e 1 , . . . , e n ) is not really a rank n algebra: It has rank n − 1 since e 1 = z 1 + · · · + z n . The images of e 2 , . . . , e n in the quotient algebra 
(see [16] Section VI.4). So if we dualize
. . , w n ) we find by the same reasoning as in Example 2 that it is the quotient algebra of 
Pulling off sections and inverse symmetric forms
This section is devoted to what we find is an interesting family of standard graded Poincaré duality algebras which are not generic, arising from a construction related to the topological notion of pulling sections off a vector bundle. Note that in the equation
occurring in Corollary 3.5 one has
defines an inverse form of degree −m for any integer m ∈ N. One may consider these inverse forms (if nonzero) as defining additional m-primary irreducible ideals in F[V , X ] which may not be projective bundle ideals at all. Topologically, for m ≤ k + 1, this would correspond to pulling sections off of a vector bundle. We use this terminology in the algebraic context also. For example, the bundle ξ ↓ RP(n − 1) considered in connection with Example 1 of Section 1 could have been taken to be a line bundle, rather than a 2-plane bundle, since in the algebraic context of this example the only feature of ξ we used was the total Stiefel-Whitney class, which was 1 + z ∈ H * (RP(n − 1);
. Pulling off sections in the sense just described amounts to dualizing powers of X in the algebra F[V , X ]  (J, h(X )), as described in Section 5. Here is why. 
Then J is m-primary and irreducible. The corresponding Poincaré duality quotient algebra has formal dimension |deg(
This means there is an induced epimorphism
by [16] Corollary I.2.3, and hence ϕ must be an isomorphism, [16] Corollary I.2.4, making the inclusion I(u ∩ θ ) ⊆ K an equality.
In a topological context the geometric dimension of a bundle 19 imposes a restriction on how many sections one may pull off ( see e.g. [15] , where this topological restriction was of central importance). Algebraically, however, there is only the restriction imposed by the requirement that θ m = h(X ) ∩ (θ J · X −m ) be an actual nonzero inverse form, so m ∈ N. We exploit this next.
We start with an inverse form θ J ∈ F[z
], for m ∈ N. These define m-primary irreducible ideals I(θ m ) ⊂ F[V , X ]. We organize this section around an extensive family of ideals arising in this way, and use them to bring to the fore a number of the less obvious 20 properties of m-primary irreducible ideals. With these notations one has
Introduce the form ϕ(X) = e n + e n−1 X + · · · + e 1 X n−1 + X n and define the inverse polynomial θ n by
].
Note that θ n has degree −n so the corresponding Poincaré duality quotient algebra has formal dimension n.
Notation. The Poincaré duality quotient F[z 1 , . . . , z n , X ]  I(θ n ) will be denoted by P(n).
. . , z n ] denotes the m-primary irreducible ideal that is the Macaulay dual to σ n then all squares of elements in Q (n) = F[z 1 , . . . , z n ]  I(σ n ) are zero since no monomial divisible by the square of one of the variables z 1 , . . . , z n occurs in the support 21 of σ n . The algebra Q (n) is therefore a quotient of the exterior algebra E(z 1 , . . . , z n ) generated by z 1 , . . . , z n . Since both these algebras are Poincaré duality algebras of formal dimension n the quotient map E(z 1 , . . . , z n ) −→ Q (n) must be an isomorphism (see e.g., [16] Lemma I.3.1). Hence Q (n) = E(z 1 , . . . , z n ) is an exterior algebra on the generators z 1 , . . . , z n . Observe that f ∩ θ n = 0 for any f ∈ I(σ n ), so there is a natural map
which may be extended to a map
in the obvious way. Hence we have shown the following.
Lemma 6.2. With the preceding notations one has z
2 i = 0 ∈ P(n) for i = 1, . . . , n. Before we delve deeper into the structure of the ideals I(θ n ) we indicate how these ideals arise from projective bundle ideals by stripping off sections as described above. To simplify this discussion we assume that the ground field has characteristic 2 so 
since ϕ(X) serves as its own dual homogenizing form. 22 The Macaulay inverse θ n of the ideal I(θ n ) may be thought of as arising from the projective bundle ideal (I(σ n ), ϕ(X)) by stripping off n-sections. Lemma 6.3. The Poincaré duality algebra P(n) has rank n + 1, i.e., P(n) 1 has dimension n + 1 as an F-vector space.
which is an analog of the catalecticant matrix (see e.g., [16] Section VI.2) The first row of M(j, n − j) is (1, 0, . . . , 0) since which is even, and hence zero in F (which remember was assumed to have characteristic 2). This says that the matrix M(j, n − j) with rows and columns indexed as described above has the form indicated in the next table. The matrix M(j, n − j) is therefore nonsingular so the monomials indexing the rows are linearly independent in P(n).
Hence we have proven the first assertion of the following result.
Lemma 6.4. For j ≤ n/2 we have
and therefore the epimorphism
is an isomorphism through degree
Proof. One only need note that
From Lemma 6.4 we can deduce the interesting result that the minimum number of generators of the ideal I(θ n ) exceeds the number of variables by roughly n!. This shows that there are m-primary irreducible ideals not arising from connected sums where the number of generators is arbitrarily larger than the number of variables or the formal dimension of the corresponding Poincaré duality quotient algebra. for n odd needed to generate the ideal
Therefore the minimum number of generators of the ideal I(θ n ) exceeds the rank of P(n) by one less than the preceding numbers.
Proof. Suppose that n = 2k is even. Since P(n) is a Poincaré duality algebra the homogeneous components P(n) k−1 and P(n) k+1 must have the same dimension. By Lemma 6.4 the dimension of P(n) k−1 is
On the other hand the Poincaré series of the algebra E(z 1 , . . . , z n )[X] is given by
This means that the kernel of the natural map
as claimed. The case n = 2k + 1 is similar and left to the reader. Finally, if one recalls that I(θ n ) requires the n quadratic generators z 2 1 , . . . , z 2 n , the statement about the excess of generators over the rank follows. Note that by Corollary 4.3 the algebras P(n) are #-indecomposable in the Grothendieck group of standard graded Poincaré duality algebras. For other examples of Gorenstein ideals requiring large numbers of generators see [21] .
For the remainder of this section we replace the hypothesis that F have characteristic two with the assumption that the ground field is finite. In this case the Steenrod algebra of the ground field acts on the polynomial algebra F[V ] (see e.g., [24] Chapter 10 or [29] ). We note that the ideals I(θ n ) are closed under the action of the Steenrod algebra and compute their conjugate Wu classes. 23 A result of S.P. Mitchell (see [18] Appendix B or [16] Part IV Section 2) implies that the conjugate Wu classes of a coinvariant algebra satisfying Poincaré duality must vanish, so the next result shows that the algebras P(n) cannot be coinvariant algebras. ).
Proof. By [16] Theorem VI.6.2 one has P (θ n ) = χWu(P(n)) · θ n , where P = 1 + P 1 + · · · + P k + · · · is the formal sum of the reduced power operations. To compute P (θ n ) we note that by the mixed Cartan formula (see the discussion preceding Theorem VI.6.2 in [16] ) P (θ n ) = P (ϕ n (X)) ∩  P (σ n ) · P (X −n )  so we turn to a computation of the individual factors. We have ϕ n (X) = e n + e n−1 X + · · · e 1 X n−1
is a product of linear forms and hence a Thom class. Therefore one obtains
(1 ).
The action of the total reduced power operation P on the inverse monomial X −n is given by (see e.g., [16] Proposition 6.5.2 and the discussion following its proof)
23 For a discussion of topological Wu classes see e.g., [1] or [42] pp 98-99 and 122-123 and for the algebraic case over finite fields see [10] , [16] Section III. 3. 24 It is an open question if a coinvariant algebra satisfying Poincarë duality must be a complete intersection. This is one reason we have computed the conjugate Wu classes of P(n).
The action of P on the inverse monomial σ n is trivial, i.e., P (σ n ) = σ n .
Substituting formulae , and into formula yields
( 
from which the desired conclusion follows by [16] Theorem VI.6.2.
Further interesting families of m-primary irreducible ideals are provided by starting with other sets of classical polynomials, such as the Dickson polynomials and/or varying the homogenization schema employed. It is not our intention to pursue this further here, but refer to [34] , in particular the Appendix therein due to the second author, establishing a surprising connection between these matters and Steiner systems.
Appendix. A topological detail
In this Appendix we supply the missing topological details of the proof of Proposition 4.1. We preserve the notations of that proof. If ζ ↓ B is a vector bundle of dimension ℓ then we denote by 1 + w 1 (ζ ) + · · · + w ℓ (ζ ) ∈ Tot  H * (B; Similarly, cohomology classes w 1 ∈ H 1 (M; F 2 ) and w 2 ∈ H 2 (M; F 2 ) are determined uniquely by their restriction to the connected sum components. So we are reduced to showing the following: For any element 1 + w 1 + w 2 with w 1 ∈ H 1 (T; F 2 ) and w 2 ∈ H 2 (T; F 2 ) or w 1 ∈ H 1 (RP(2); F 2 ) and w 2 ∈ H 2 (RP(2); F 2 ) there is a 2-plane bundle on T respectively on RP(2) with total StiefelWhitney class 1 + w 1 + w 2 .
We begin by describing the vector bundles we need over T = S Next, over RP(2) we need the canonical line bundle γ ↓ RP(2) and the tangent bundle τ RP(2) ↓ RP (2) . Recall that (τ RP(2) ⊕ R) ↓ RP(2) ∼ = (γ ⊕ γ ⊕ γ ) ↓ RP(2) from which one can compute the Stiefel-Whitney classes of (τ RP(2) ⊕ R) ↓ RP(2) by the Whitney sum formula. 25 Finally, write H * (T;
, where x = w 1 (λ L ) and y = w 1 (λ R ), and set H * (RP(2);
, where u = w 1 (γ ). The following table shows that all the required possibilities are realized. 
